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Abstract. Combining the recent progress in semiconductor nanostructures along with the 
versatility of photonic crystals in confining and manipulating light, quantum networks 
allow for the prospect of an integrated and low power quantum technology. Within 
quantum networks, which consist of a system of waveguides and nanocavities with 
embedded quantum dots, it has been demonstrated in theory that many-qubit states stored 
in electron spins could be teleported from one quantum dot to another via a single photon 
using the Single Photon Faraday Effect. However, in addition to being able to transfer 
quantum information from one location to another, quantum networks need added 
functionality such as (1) controlling the flow of the quantum information and (2) 
performing specific operations on qubits that can be easily integrated. In this paper, we 
show how in principle a single photon Mach-Zehnder interferometer, which uses the 
concept of the single photon Faraday Effect to manipulate the geometrical phase of a 
single photon, can be operated both as a switch to control the flow of quantum 
information inside the quantum network and as various single qubit quantum gates to 
perform operations on a single photon. Our proposed Mach-Zehnder interferometer can 
be fully integrated as part of a quantum network on a chip. Given that the X gate, the Z 
gate, and the XZ gate are essential for the implementation of quantum teleportation, we 
show explicitly their implementation by means of our proposed single photon Mach-
Zehnder interferometer. We also show explicitly the implementation of the Hadamard 
gate and the single-qubit phase gate, which are needed to complete the universal set of 
quantum gates for integrated quantum computing in a quantum network. 
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1. Introduction 
Single photon interferometry has been, and continues to be, a valuable method to study and 
understand a vast range of phenomena in physics, particularly in quantum mechanics such as 
quantum superposition (Wheeler and Zurek 1983), the “quantum eraser” which is the possibility 
of choosing the determination of paths after the interferometer (Scully and Druhl 1982), 
dephasing due to the quantum channel resulting from the inevitable interaction between the 
channel and the quanta of light (Xiang et al. 2006), or even the quantum Sagnac Effect (Bertocchi 
et al. 2006).  
 
In addition, single photon interferometers can also play a key role as core components of new 
devices in the field of quantum information in a similar way that integrated Mach-Zehnder 
interferometers (MZ) are fundamental elements of photonic switches in optical communication. 
In fact, Shimizu and Imoto already proposed a single-photon interferometer for cryptographic 
quantum communication (Shimizu and Imoto 2000). Rather than manipulating and measuring the 
internal states of entangled photon twins, cryptographic quantum communication is possible by 
manipulating a single photon in an extended interferometer. Knill, LaFlamme and Milburn 
showed that efficient quantum computation is possible using only linear optical components 
(beam splitters and phase shifters -i.e. Elements that make up MZ interferometers), single photon 
sources, and photo-detectors (Knill et al. 2001). 
 
Although the use of single photon interferometers has been verified in processing quantum 
information in the case of quantum key distribution (Shimizu and Imoto 2000) and, in principle, 
in quantum computation (Knill et al. 2001), they have been typically implemented in a way that 
was relatively bulky and inadequate for use within a high density integration setting. Yet, there is 
much interest in a quantum technology that can be implemented on a chip. One important reason 
is that an integrated quantum technology could in theory continue to fulfill Moore’s law just by 
adding qubits to the Hilbert space (Nielsen and Chuang 2000), and as a result, constitute itself a 
potentially attractive solution to the current difficult challenges of further decreasing transistors 
size in order to fulfill Moore’s law, that is assuming the cost of fabricating such quantum 
technology can be kept reasonable.  
 
The approach for a quantum technology that we examine in this publication is based on quantum 
networks (Englund et al. 2006), which is deemed very promising given recent progresses in the 
conception and fabrication of semiconductor nanostructures and photonic crystals, along with 
single photon on-demand sources. One important implementation of quantum networks permits 
the teleportation of quantum information from qubits made of the spin of an excess electron in the 
conduction band of quantum dots (QD) embedded in nanocavities that interact via single photons 
by means of the Single Photon Faraday Effect (SPFE) (Leuenberger et al. 2005). Such spin based 
implementation of a quantum network allows for the prospect of an integrated and low power 
(Wolf et al. 2001) quantum technology in which single-photon Mach-Zehnder interferometers 
(SMZ) are envisioned to play a fundamental role. 
 
In this paper, the operating principle and properties of SMZ interferometers and their applications 
are introduced. The operation of SMZ interferometers is based on the Single Photon Faraday 
Effect, presented in Section 2. By means of this effect, SMZ interferometers are able to 
manipulate the geometrical phase of a single photon as a switching mechanism in order to control 
the flow of quantum information within a quantum network. Using the geometrical phase instead 
of an optical path difference within a MZ interferometer is a bit unusual, however it allows for an 
additional functionality – it can also be used to create a superposition of the photon polarization 
eigenbasis or simply a change of eigenbasis (i.e. linear to circularly polarized light). In other 
words, SMZ interferometers could also be used as single qubit gates, and this is of critical 
importance for quantum networks in which single photons and their polarization eigenbasis are 
used to realize “messenger” qubits. These two separate applications of SMZ interferometers, 
namely an optical switch and a single qubit gate, are discussed in Section 3. Design issues, 
dynamic behavior, as well as the anticipated performance of SMZ interferometers are presented 
in Section 4. We conclude in Section 5 by comparing the properties of the SMZ interferometer 
with existing implementations of switches and single qubit gates.  
 
2. Theory 
The classical Faraday Effect is a linear magneto-optic effect, which is characterized by a rotation 
of the linear polarization of light propagating inside an isotropic medium subject to an external 
constant magnetic field applied in the direction of propagation. The general concept behind the 
Faraday Effect is that a linearly polarized wave can be decomposed into two circularly polarized 
waves, which are the appropriate normal modes in this regime; each circularly polarized normal 
mode propagates with different refractive index. Quantum mechanics tells us that the magnetic 
field induced splitting of the energy levels with different total angular momentum is the reason 
for the linear polarization rotation, and hence the different circular polarizations of light couple 
differently during the process of virtual absorption, which is responsible for the existence of 
refractive indices. Similarly, the SPFE involves the rotation of linearly polarized light as a result 
of broken symmetry between the left and right components of circularly polarized light. However, 
the SPFE only involves the nonresonant  interaction of a single photon with a two level system, 
does not require an external magnetic field, and can result in an entanglement of the photon with 
an electron spin (Leuenberger et al. 2005).  
 
The two-level system of interest in Figure 1 and Figure 2 can be deduced under certain 
assumptions. First, the split-off band is purposely ignored since typical split-off energies are on 
the order of several hundreds of meV, thus bringing the energy level well out of resonance with 
the single photon. Second, spherical dots are assumed in order to maintain a 2-fold energy 
degeneracy in the conduction band and a 4-fold energy degeneracy in the valence band at the Γ 
point. Also, due to quantum size effects within the quantum dot, the effective bandgap is shifted 
to higher energies. Third, under the appropriate extrinsic doping and thermal conditions, it can be 
assumed that the top of the valence band is filled with four electrons while there is an excess 
electron in the conduction band.  It is the presence of this extra conduction band electron that 
enables the SPFE.  If the energy of the single photon is taken to be slightly below the effective 
band gap energy (i.e. slightly detuned), considering the parity condition imposed from the matrix 
element of envelop functions in semiconductor nanostructures, the transition from the top of the 
valence band (m=1) to the bottom of the conduction band (n=1) is the strongest transition by far.  
Since the matrix elements of other transitions are much weaker, one can then consider this 
transition as a two-level system. 
 
We now isolate our consideration to this two-level system.  Recalling that the single photon 
energy is slightly detuned from the two-level system resonance, the SPFE is a virtual process 
resulting from the transition rules that govern the electric-dipole interaction. In fact, it is the 
transition rules that allow the symmetry of circular polarized light to be broken as it couples to the 
two-level system during propagation, resulting in a geometrical phase shift of the single photon 
polarization.  This is much different than the shift in energy level due to an external magnetic 
field exploited in the classical case. The ensuing geometrical phase shift is a consequence of one 
circular polarization, say right-hand circular, σ + , interacting with only the heavy holes band and 
the other circular polarization, left-hand circular, σ − , with the light holes band. Since the matrix 
element involving the heavy holes band is larger than the matrix element involving the light holes 
band, both circularly polarized components accumulate different phases resulting in a rotation of 
the linear polarization. Using the Jaynes-Cummings model, the Hamiltonian of the system can be 
written as 
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Figure 1 and Figure 2 show how different circularly polarized light interacts with the two-level 
system. The direction of the single-photon Faraday rotation is conditional on the spin orientation 
of the excess electron, i.e. it is clockwise if the spin is up (↑ ), and counter clockwise if the spin is 
down (↓ ).  The single-photon Faraday rotation is a result of the different phase accumulated for 
the right circularly polarized RCP (σ + ) and the left circularly polarized LCP (σ − ) light during 
interaction with the two-level system or quantum dot (Leuenberger et al. 2005). 
 
                      
Figure 1. 
The rotation of the single photon linear polarization is clockwise in the plane perpendicular to its 
propagation when the excess electron spin is up (↑ ). 
 
                      
Figure 2.  
The rotation of the single photon linear polarization is counterclockwise in the plane 
perpendicular to its propagation when the excess electron spin is down (↓ ). 
 
 
3. Applications 
Interferometers usually are composed of two basic elements: (1) passive structural components 
for splitting and recombining the light and (2) active components for manipulating the phase of 
light. First, passive structural components for splitting and recombining the light considered in 
this paper are based on photonic crystals (see Section 4 for details on design issues). In the case 
of the switch, the intensity of the photon is split in half in each arm; where as, in the case of the 
single qubit gate, the photon is split according to its polarization, possibly resulting in an 
unbalance in each arm in term of the intensity of the light. Second, the active components in a 
SMZ interferometer consist of a pair of nanocavities, each coupled to one arm of the SMZ 
interferometer. Each cavity and its embedded quantum dot provide the environment for the SPFE 
to take place and therefore provide the means for the manipulation of the photon geometrical 
phase. Upon completion of the desired amount of rotation of the linear polarization inside the 
nanocavities, the photon is released into the respective arms of the SMZ interferometer. 
 
3.1. SMZ interferometer as a switch 
Figure 3 shows conceptually how the SMZ interferometer can be used as a switch. Contrary to 
the approach used in Ref (Leuenberger et al. 2005) in which the excess electron spin in the 
quantum dots within nanocavities are initialized to be in a superposition of up/down states for the 
purpose of entangling it with the single photon; here the spin is either up or down (in a pure 
state). There exists a variety of optical, electrical and magnetic techniques that can be used to 
initialize spins in semiconductors (Young et al. 2002). As for the quantization axis of the spins, it 
must be along the direction of propagation of the single photon. 
 
Figure 3. 
Schematic for a spin-based SMZ interferometer where the spin of the electrons in the upper and 
lower arms are either parallel (above) or anti-parallel (below), giving respectively an identical and 
an opposite rotation of the polarization.   
 
In its ON configuration, an initially x polarized (out of plane) photon is split into both arms of the 
SMZ interferometer, then in each arm the single photon couples inside nanocavities and interacts 
by means of the SPFE (strong coupling regime) with quantum dots that have their excess electron 
spin initialized in the down position or in –z direction (in plane). This causes its polarization to be 
rotated in each arm by – 90D pointing in the –y direction (in plane) after a specified interaction 
time, at which point the photon is released back into the waveguide (weak coupling regime). The 
photon is then able to interfere constructively and has its electric field positioned in the –y 
direction. A second possible ON configuration would involve the excess electron in the quantum 
dots having their spin parallel in the +z direction (or up position) instead of the –z direction as 
previously described resulting also in constructive interference but with the final polarization 
state of the photon in the +y direction. Conversely, the OFF configuration requires the spins to be 
antiparallel, one spin being initialized in the down position (–z direction) and the other in the up 
position (+z direction). The polarization in the arm with the spin down (↓ ) is rotated by – 90D and 
pointing in the –y direction after a specified interaction time, while the polarization in the arm 
with the spin up (↑ ) is rotated by + 90D and pointing in the +y direction. The photon is then able to 
interfere destructively at the output of the SMZ interferometer. 
 
 
We now consider the scheme in Figure 4 that depicts how an array of SMZ interferometers can 
be used to control the transfer of quantum information in parallel waveguides. Here the paths 
within the quantum network that have their SMZ interferometer switched OFF block the photon 
qubit from passing through while those that have their SMZ interferometer switched ON enable 
the transfer of quantum information by means of GHZ quantum teleportation (spin-photon-spin 
entanglement) (Leuenberger et al. 2005).  
 
Figure 4. 
The SMZ interferometer could be used as a switch. The top switch is ON and thus allows for the 
teleportation of Alice’s qubit to Bob’s qubit by means of the single photon produced at let say 
clock time t. However, the other switches are shown to be OFF and therefore the single photons 
produced from the sources aligned with these switches at the same time t are unable to pass 
through and carry on the transfer of quantum information. 
 
Similarly, the SMZ interferometers can be used to achieve wavelength division multiplexing in 
quantum communication or quantum teleportation as shown in figure 5.  In this case, the single 
photon sources can be designed such that each photon qubit they emit has a different wavelength 
and therefore can share the same channel or fiber. This requires that each SMZ interferometer has 
its quantum dot size and nanocavity size tuned such that its Faraday rotation rate and therefore its 
required interaction time remains the same as all the other interferometers independent of the 
wavelength at which they are being operated. This allows for a standardized technology in which 
all the components of the system can be synchronized. 
 
 
Figure 5. 
Switches based on the SMZ interferometers could also be implemented in a Wavelength Division 
Multiplexing scheme for long distance quantum communication applications. Each single photon 
source is tuned to a different wavelength; then they are entangled with their respective Bob’s 
qubit before the multiplexing step. At the destination node, the single photons are demultiplexed 
before they are allowed to interact with their respective Alice’s qubit to complete the teleportation 
process.  
 
3.2. SMZ interferometer as a single qubit gate 
Furthermore, the SMZ interferometer can be used as a single qubit gate for the photon or 
“messenger” qubit. In quantum networks, information is stored in the spin of the excess electron 
in quantum dots located at specific sites. Keeping track of sites using any physical addressing 
scheme, this information can be accessed and retrieved when needed.  This information can then 
be transfer to another location (or quantum dot) by means of a single photon that interacts with 
both the spins of the excess electrons at the quantum dots of origin and of destination creating a 
three particle entanglement or GHZ state resulting in teleportation (Leuenberger et al. 2005).  
 
Single qubit gates, as their name indicates, consist of operations involving only one qubit. 
Mathematically, a quantum gate acting on a single qubit can be described by a 2 by 2 matrix, 
whereas the quantum state of the single qubit can be represented as a column vector. Because of 
the normalization condition that requires 2 2 1α β+ =  for the following quantum state α 0 +β 1 , 
any matrix U corresponding to a single qubit gate must be unitary, that is †U U=I .  
 
α αψ ψ β β
′⎡ ⎤ ⎡ ⎤′= → =⎢ ⎥ ⎢ ⎥′⎣ ⎦ ⎣ ⎦U U  (2) 
 
Classically, there is only one non-trivial member of this class called the NOT gate, which 
transforms a 0 into a 1 and a 1 into a 0. Similarly, a quantum gate that would transform the state 
0  into the state 1 , and vice versa could be considered a quantum NOT gate. However, in 
quantum information processing, we are interested in states that are in a superposition of 
eigenbasis. Due to this fact, unlike the classical case, there are technically an infinite number of 
non-trivial single qubit gates. Below, four important single qubit gates known as the X gate, the Z 
gate, the XZ gate, the Hadamard or H gate, and the Phase gate are considered. The X, Z, and XZ 
gates are needed for the reconstruction of a state in the teleportation protocol (Bennett et al. 
1993). Note that our implementations of the X, Z, and XZ gate by means of the SMZ 
interferometer have not been shown before (Leuenberger et al. 2005). Our implementations are 
essential for the realization of a teleportation device that works only by means of the SPFE. Only 
then the teleportation method based on the SPFE can be completely integrated. 
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In order to realize single quantum gates, a polarizing beam splitter is needed within the SMZ 
interferometer as opposed to the initially considered beam splitter that split the beam in two 
halves of equal amplitudes. Until a few years ago, most of the approaches in realizing polarizing 
beam splitters typically required relatively large size structures (length of the order of 
millimeters), which was undesirable for an integrated quantum technology. However, Kim et al 
have proposed an ultra compact high-efficiency polarizing beam splitter that operates over a wide 
wavelength range and that is based on a hybrid photonic crystal and a conventional waveguide 
structure (Kim et al. 2003). Such technology could, without doubt, be implemented with the SMZ 
interferometer.  
 
Figure 6 considers the X gate. We identify the logic qubits by 0 ,  1x y= = . Given the 
following general initial state for the photon qubit α x + yψ β=photon , the polarizing beam 
splitter split the incoming photon into two components; α x  goes into the lower arm while yβ  
goes into the upper arm. Next, each polarization of the photon is rotated by 90° in opposite 
direction so that it corresponds to the other polarization eigenbasis (only two polarization 
eigenbasis in the given basis x yand ) and yet retains the same amplitude. In other words, if 
the first quadrant is considered (see Figure 7), then the y component of the polarization of the 
photon is rotated clockwise to y  while the y component is rotated counterclockwise to x . 
After the different components of the photon polarization are recombined, the final state of the 
photon is 0 + 1ψ β α=photon . In respect to timing, the X gate takes less than 100 ps (see Section 
4), which is approximately the interaction time needed to rotate both polarization components 
by 90D . The four possible cases or quadrants for the X gate are shown in Figure 7, Figure 8, 
Figure 9, and Figure 10. 
 
Figure 6. 
SMZ interferometer as an X gate 
 
 
 
Figure 7. 
SMZ interferometer as an X gate. The initial state of the single photon linear 
polarization is in the 1st quadrant. 
 
 
Figure 8. 
SMZ interferometer as an X gate.  
The initial state of the single photon linear polarization is in the 2nd quadrant. 
 
 
Figure 9. 
SMZ interferometer as an X gate.  
The initial state of the single photon linear polarization is in the 3rd quadrant. 
  
Figure 10. 
SMZ interferometer as an X gate.  
The initial state of the single photon linear polarization is in the 4th quadrant. 
 
A schematic of the Z gate is shown in Figure 11. Here we consider again that the general initial 
state for the photon qubit is α x + yψ β=photon and that the polarizing beam splitter splits the 
incoming photon into two components, α x  and yβ . Next, in the case of the Z gate, only the 
polarization of the y component is rotated by 180D . After the different components of the photon 
polarization are recombined, the final state of the photon is x yphotonψ α β= − . Similarly, the 
Z gate takes less than 100 ps (see Section 4) to act on the photon qubit state. 
 
Figure 11. 
SMZ interferometer as a Z gate.  
 
A schematic of the XZ gate is shown in Figure 12. Here we consider again that the general initial 
state for the photon qubit is α x + yψ β=photon and that the polarizing beam splitter splits the 
incoming photon into two components, α x  and yβ . Next, in the case of the Z gate, each 
polarization component of the photon is rotated by 90D in the same counterclockwise direction 
(from the +y direction to the +x direction). After the different components of the photon 
polarization are recombined, the final state of the photon is x yphotonψ β α= − . Similarly, the 
XZ gate takes less than 100 ps (see Section 4) to act on the photon qubit state. 
 
 
Figure 12. 
SMZ interferometer as a XZ gate.  
 
A schematic of the H gate is depicted in Figure 13. The photon qubit is again initialized 
to α x + yψ β=photon , and the polarizing beam splitter splits the incoming photon into two 
components, α x  and yβ . Unlike the other gates, the H gate requires two stages. In the first 
stage, each polarization component of the photon is rotated by 90D  in opposite direction.  More 
precisely, the X component of the polarization of the photon is rotated clockwise while the Y 
component is rotated counterclockwise. In the second stage, each polarization component of the 
photon is rotated by only 45D  in the same counterclockwise direction. After the different 
components of the photon polarization are recombined, the final state of the photon 
is
0 1 0 1
+
2 2
ψ α β+ −=photon .  
 
 
 
 
Figure 13. 
SMZ interferometer as an H gate.  
 
Last, the Phase gate is shown in Figure 14. The x and y polarizations are converted into right and 
left circular polarizations by means of 
4
λ  elements, which further splits the x and y polarizations 
in two equal magnitudes within their respective arm before inducing a 
2
π  phase resulting in LCP 
for the x polarization and RCP for the y polarization. The single spin leads then to a pure phase 
shift between the right and the left circular polarization, which can be converted back to x and y 
polarizations by means of more 
4
λ elements. Also, the entire operation takes less than 100ps (see 
Section 4). 
 
 
Figure 14. 
SMZ interferometer as a Phase gate.  
 
4. Design and Performance 
4.1. Design 
For a feasible realization of such switches and gates, a traveling photon propagating within a 
waveguide must easily couple in an adjacent nanocavity; in which it must remain trapped for a 
specific interaction time before it is released in a way that minimizes the phase error back into the 
waveguide. There potentially exist several approaches to implement the devices under 
investigation. One possible scheme utilizes extremely high Q cavities, which are assumed to be 
large enough to prevent the strong coupling regime. This weak-coupling approach to the SPFE is 
not desirable because of the large size of the cavities and the challenge of extremely high Q 
cavities in providing an environment that favors short interaction times. In this publication, an 
alternate approach that is more suitable for large scale integration is proposed. This method is 
attractive in a large scale integration setting because its aim is to employ smaller cavity sizes, 
faster rates for the rotation of the linear polarization, and smaller Qs. This method is called the 
strong-coupling approach to the SPFE, and the photon is sent in at one of the cavity polaritons. 
 
The strong-coupling approach to the SPFE requires that a largely detuned photon strongly 
interacts with the quantum dot (2-level system) inside the cavity, resulting in its linear 
polarization undergoing a faster conditional rotation consistent with the spin state of the excess 
electron in the conduction band. Such interaction calls for the strong coupling regime (SCR), 
which requires that the coupling constant, g, between the quantum dot and the cavity mode to be 
much larger than both the dipole dephasing rate, γ , and the decay rate of the cavity, Γ (i.e. 
( )g γ Γ, ). Furthermore, for the photon to be released, g needs to be smaller than γ  andΓ , 
which is known as the weak coupling regime (WCR) (Khitrova et al. 2006). Naturally, for a given 
material system, cavity volume, and wavelength, both the coupling constant, g, and the dipole 
dephasing rate, γ , are set and cannot be changed during device operation in a controllable way. 
Only the cavity decay rate, Γ , is left in order to control the coupling regime in which the device 
is operating.  Real-time lowering of the cavity decay rate (or increasing the cavity Q) promotes 
the SCR while increasing of the cavity decay rate (or lowering the cavity Q) allows for the WCR. 
Therefore, by actively or passively controlling the Q of the cavity, we can trap or release the 
photon at a given time.  
 
For the physical realization of these SMZ based devices, the InAs/GaAs material system is 
considered. InAs self-assembled quantum dots are used to embody the two-level systems, which 
are embedded in high-Q GaAs photonic crystal nanocavities. Photonic crystals offer many 
potential advantages such as smaller cavity sizes (high electric field suitable for the SCR with a 
single QD) as well as strong confinement (minimizing in-plane losses) and ultra-compactness 
(sharp waveguide bend possible), thus providing the means for an integrated quantum technology. 
The ability to strongly confine light propagating in the plane within a 2D photonic crystal 
structure is based on the existence of a photonic bandgap due to a periodic change in the 
refractive index of the medium (optical modes whose frequencies are in the photonic bandgap are 
unable to propagate within the photonic crystal). Because the SPFE requires the rotation of the 
linear polarization of the photon in a plane perpendicular to the direction of propagation, the 
photonic crystal structure used to implement both the switch and the gates must support x (out of 
plane) and y (in plane) polarizations. As a result, the photonic crystal structure must consist of a 
triangular lattice of air columns in GaAs, which has overlapping of both TE (Electric field along 
y-axis or in-plane) and TM (Electric field along x-axis or out-of-plane) photonic bandgaps, as 
opposed to only one or the other for square lattices (Joannopoulos 1995). Furthermore, the optical 
mode of interest is assumed to be far enough away from the band edges of both the TE and TM 
bandgaps, since modes near band edges have smaller group velocities resulting in dramatic 
increase in Qs. For instance, modes closer to a TE band edges will bring about a higher Q value 
for TE modes with respect to TM modes. Also, TE modes are subject to more out-of-plane 
radiation losses than TM modes. In terms of phonic crystal cavity Qs defined in Equation 4, it 
means that the out-of-plane Q ( Q⊥ ) for TE mode is smaller than the out-of-plane Q for TM 
mode, while their in-plane Qs are the same.  
 Q Q Q⊥= +&  (4) 
The out-of-plane radiation losses can be eliminated so that Qs for both TE and TM modes are 
matched by tailoring the mode profile using air-hole shifts and multi-step heterostructures (Asano 
et al. 2006). Finally, TE dipole modes of L1 cavities are degenerate in theory (The y-polarized 
mode and the z polarized mode), however because of imperfections due to fabrication these 
optical modes split into different eigenenergies. Nevertheless, the resulting splitting is very small 
and the Qs for each mode do not vary significantly and can be considered the same; therefore, as 
long as the photon propagates in the plane (y or z direction), the scheme remains unaffected  
(Shirane et al. 2007). 
 
Before the cavity Qs and the cavity-waveguide coupling constant can be solved for, the dynamics 
of the 2-level system (QD) interacting with a single mode quantum field (photon) must be 
investigated and the rate of rotation of the linear polarization determined. The Hamiltonian given 
in Equation 1 describes how the RCP and LCP components of a linearly polarized photon field 
interact with the degenerate QD levels in a cavity. For simplicity, it is assumed that the spin of the 
excess electron in the conduction band is up (↑ ). At any time t, the state vector ( )tψ is a linear 
combination of the states and, , , , , , ,z zhh lh σ σ+ −↑ ↑ ↑ ↑ . Here, and, ,hh lh↑ ↑ are the states 
in which the QD is in an excited state with an heavy hole exciton (hh) or a light hole exciton (lh) 
and the spin of the excess electron in the conduction band is up. and, ,z zσ σ+ −↑ ↑  are the states 
in which the QD dot is in the ground state with the photon present in the cavity, and the spin of 
the excess electron in the conduction band is up. The state vector is therefore 
 { }1
2
( ) ( ) , ( ) , ( ) , ( ) ,z zhh lht C t hh C t C t lh C tσσψ σ σ+ + −↑ ↑ ↑ −↑⎡ ⎤ ⎡ ⎤= ↑ + ↑ + ↑ + ↑⎣ ⎦ ⎣ ⎦  (5) 
 
The equations of motion for the probability amplitudes and( ), ( ), ( ), ( )hh lhC t C t C t C tσ σ+ −↑ ↑ ↑ ↑ can 
easily derived and then solved exactly subject to certain initial conditions. The expressions for the 
probability amplitudes are  
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The rate of rotation of the linear polarization is proportional to the difference phase accumulated 
for the RCP and LCP components of the linear polarization during interaction with the QD with 
the interaction frequencies 3 2/Ω and 1 2/Ω , respectively. The coupling constants, g, between the 
QD and the photon field can easily be obtained for GaAs. In order to carry out this calculation, 
the preferred cavity for the realization of the switch and the gates is the L1 cavity (a single point 
defect). They do not necessarily possess Qs as high as L3 cavities (3 point defects along 
theΓ −Κ  direction), however they usually provide the smallest mode volume (Andreani et al. 
2005). Shirane et al reported a single-defect or L1 nanocavities based on a triangular lattice GaAs 
photonic-crystal membrane with mode volume of 30 039.V mμ= and a Q of 17,000 (Shirane et al. 
2007). Additionally, InAs quantum dots less than 25 nm in size are reported to have dipole 
moment  29hhμ =  (in Debye) with bandgap energy 1 32gE eV= . , which correspond to an 
emission wavelength of 1 182. mλ μ=  (Khitrova et al. 2006).  
 
If we consider the configuration of the switch in Figure 3, the single photon qubit is initially 
linearly polarized along the x axis or ˆxe x= . The expression for this linearly polarized photon 
can be rewritten in a different basis; one in which the linear polarization is considered as a 
superposition of right and left circular polarization: 
 ( )1 12 2 2 2( ) ( ) z zx i y x i ye x σ σ+ −⎡ ⎤+ −= = + = +⎢ ⎥⎣ ⎦G  (7) 
Once the photon interacts with the quantum dots in the separate arms of the SMZ interferometer, 
the right and left circular polarization components of the linear polarized photon accumulate 
different phases due to the single photon Faraday rotation effect. Assuming that the spin of excess 
electron in the conduction band of the quantum dot is up (↑ ): 
 
2
HH LHi S i SO O
z ze e
e
σ σ− + −⎛ ⎞+⎜ ⎟⎝ ⎠=G  (8) 
where HHS O and 
LH
S O represent the phase shift for the photon when interacting with the heavy hole 
or light hole, respectively.  It is useful to rewrite the phase in order to be able to derive an 
expression for the effective angle, ϕ , by which the linear polarization is rotated: 
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2
i i
z zi
e e
e e
ϕ ϕ
θ σ σ− + −+=G  (9) 
where ( )
2
θ +=
HH LH
O Os s  and ( )
2
ϕ −=
HH LH
O Os s .  
In terms of the linear polarization basis eigenstates, the polarization can be expressed as:  
 ( )cos sinθ ϕ ϕ= +G ie e x y  (10) 
 
For the photon to destructively interfere with itself, the polarization initialized along the x axis 
must be rotated 90D  in one arm so that it points in the y direction (spin of excess electron is ↑ ) 
and – 90D  in the other arm so that it points in the –y direction (spin of excess electron is ↓ ). This 
means that the angle ϕ  must be 
2
π  in one arm and 
2
π−  in the other arm. An expression for the 
phase shift accumulated for RCP and LCP components of the linearly polarized photon field 
during the interaction with the quantum dot in the nanocavity can be derived from Equation 6. In 
order to solve for the phase accumulated for the RCP component ( 0
HHS ), the time evolution of the 
probability ( )C tσ +↑  is used; whereas, the time evolution of the probability ( )C tσ −↑  is used for the 
phase accumulated for the LCP component ( 0
LHS ). Assuming the initial conditions are the 
following, 0 0( )hhC↑ = , 0 1( )C σ +↑ = , 0 0( )lhC↑ = , and 0 1( )C σ −↑ = , then the probability amplitudes 
of interest can be written as 
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 (11) 
Rewriting the complex coefficient 3 2 3 2
3 22 2
/ /
/
cos( ) sin( )t ti
⎡ ⎤Ω ΩΔ+⎢ ⎥Ω⎣ ⎦
 within the expression for the 
probability amplitude ( )C tσ +↑  in its exponential form using Euler’s formula, an expression for the 
phase accumulated during the interaction of the RCP component with the heavy holes band can 
be obtained.  
 1 3 20
3 2 2
/
/
tan tan( )HH tS −
⎛ ⎞ΩΔ= ⋅⎜ ⎟Ω⎝ ⎠
 (12) 
Similarly, an expression for the phase accumulated during the interaction of the LCP component 
with the light holes band can be obtained.   
 1 1 20
1 2 2
/
/
tan tan( )LH tS −
⎛ ⎞ΩΔ= ⋅⎜ ⎟Ω⎝ ⎠
 (13) 
Since the relative phase ( )
2
ϕ −=
HH LH
O Os s  must be 
2
π± , then ( )HH LHO Os s−  must be equal to π . 
Moreover, because we do not want to produce an exciton ensuing the completion of the rotation 
of the linear polarization rotation, it must be required that 3 2 1 2 and 
2 2
/ /T Tj jπ πΩ Ω= =  in 
Equation 6. It was found that a detuning energy of 75dE eVμ= gives an optimized operating 
point for both the phase requirement-ϕ π= (see Figure 15) and the probability amplitude 
requirements- 3 2 1 2 and 
2 2
/ /T Tj jπ πΩ Ω= =  (see Figure 16), resulting in an interaction time 
43T ps= . Consequently, it can be said that the switching speed is on the order of tens of 
picoseconds.  
 
 
 
Figure 15. 
Phases accumulated during interaction as a function of time.  
 
 
Figure 16. 
Time evolution of the probability amplitudes  
 
Interestingly, the phase requirement is satisfied over a range of interaction times, which is from 
approximately 39T ps= to 47T ps= , while the probability amplitude requirements are satisfied 
exactly at 43T ps= with a very small variation within 4 ps± . This indicates that at this optimized 
operating point, this scheme is very robust against possible phase error within the considered 
range above. Furthermore, this interaction time is also much smaller than the limiting spin 
decoherence time of 20ms in semiconductor nanostructures (Kikkawa and Awschalom 1998).  
 
Next, the coupling constants can be derived from the following equations 
 3 2 1 2 1 2 1 2/ , / / , /
hh lh
v c v c
E Eg gμ μ⋅ ⋅= == =  (14) 
where 3
2
ph
hh lhE ando r V
ω μ με ε= = ⋅⋅ ⋅ ⋅
=
. This gives 3 2 1 2 21 / , /v cg GHz=  and 
1 2 1 2 7 / , /v cg GHz= , which correspond to 3 2 46 / GHzΩ =  and 1 2 23 / GHzΩ = . The target cavity Qs 
and the cavity-waveguide coupling constant can also be determined. A commonly accepted 
condition for the strong coupling regime (Khitrova et al. 2006) is 
 3 22 2/
( )γΓ +⋅Ω ≥  (15) 
where Γ  is the cavity decay rate and γ  is the dipole dephasing rate. Equations for the cavity 
decay rate and the dipole dephasing rate are  
 3
2 3
3
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ph
dot enh dot p o dot o
Q
QF
n V
ω
λγ γ γ γ γ γ γπ
Γ =
⎛ ⎞= + = + ⋅ = + ⋅⎜ ⎟⎜ ⎟⎝ ⎠
 (16) 
where dotγ is the sum of the QD non-radiative dephasing rate and the radiative decay rate outside 
the cavity ( oγ ), and enhγ is the enhanced rate due to the Purcell Effect. Therefore, for InAs/GaAs 
material system, the minimum Q for which the condition in equation is satisfied is approximately 
6,000 using 22 , 441, and 0 088 dot p oGHz F GHzγ γ= = = .  (Khitrova et al. 2006). Recalling that 
an optimized L1 cavity can easily reach Qs of 17,000, the strong coupling regime is therefore 
achievable. If we assume that the cavity is designed to have a Q of 12,000, well within the strong 
coupling regime, the associated cavity decay rate is 21GHzΓ = . While this presents an ideal 
system for the SPFE, it represents a potential barrier for the release of the single photon back into 
the SMZ arm.  Release of the single photon by the nanocavity requires a transition into the weak 
coupling regime by increasing Γ , thus necessitating a mechanism to control the Q of the cavity in 
order to be able to release the photon back into the waveguide. Several methods can be 
envisioned - the idea of using a Q-switch cavity is attractive. Recently, dynamic control of a 
photonic crystal cavity Q factor was demonstrated by switching the cavity Q from 12,000 to 
3,000 in the picoseconds regime (Tanaka et al. 2007). This represents a much more attractive 
method - once the cavity Q is switched to 3,000, the process of spontaneous emission is not 
reversible (i.e. in the weak coupling regime), resulting in an escape probability of 92% after a 
time t = 30ps using Equation 17. This alone provides much support for the feasibility of such 
devices.   
 11 with(%)
t
P e τ τ−= − = Γ  (17) 
 
4.2Performance 
In order to estimate the fidelity, the error ϕδ  in the relative phase ϕ  (see Equation 9 and 
Equation 10) must be calculated.  It consists of both the phase errors due to the switching 
( ,Qswitchϕδ ) and due to the escape time ( ,Escapeϕδ ), which are expressed in Equation 18. The 
phase error due to the switching can be obtained by calculating the ratio of the switching time 
over the interaction time. In case of the phase error due to the escape time, the ratio of the rate of 
rotation of the linear polarization over the cavity decay rate. The rate of rotation is approximately 
the slope lhSm  of the phase accumulated during the interaction with the light holes (
LH
OS ) in 
Figure 15. 
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 Here, given the interaction time 43T ps= , the time to switch the cavity Q from 12,000 to 3,000 
4Qswitcht psΔ =  (Tanaka et al. 2007), the cavity decay rate 84 GHzΓ = at Q=3,000, and the rate 
of rotation of the linear polarization 11 3 
2
.
lhSm GHzπ = , the following relative phase error is 
obtained 0 026 0 1345 0 1605. . .ϕδ = + =  or 16 5. %  ( Qswitchδ  could really be ignored since the 
phase does not change much in a time range of 4 ps± ).  
 
There exists a quick solution to reduce the total phase error; it is simply to reduce the cavity Q to 
10,000. Since the dynamic range 9 000,QΔ =  is achievable, the cavity Q at the moment of the 
switch will be 1,000. This corresponds to an escape probability of 92% after a time t = 10ps. The 
phase error is then 0 026 0 044 0 070. . .ϕδ = + =  or 7% . This method modifies only phase error 
due to the escape time. 
 
Another solution is to increase the detuning energy to 1 0.dE meV=  for instance. However, doing 
so will reduce the rate of rotation of the linear polarization. Since the detuning is much larger than 
the coupling rates ( 3 2 1 2 1 2 1 2/ , / / , /,v c v cg gΔ ) between the photon and the QD, the interaction rates 
are determined using second order perturbation theory.  The new coupling strengths can be 
expanded in the following manner 
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The expressions for the accumulated phases during interaction with the QD take the following 
forms 
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 (20) 
The terms 
2
Δ  can be ignored because they do not contribute to the rotation of the linear 
polarization, since they cancel each other out when the two phases are subtracted. The 
expressions for the interaction frequencies are thus  
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Interestingly, the interaction frequencies are no longer required to be multiples ofπ , since the 
admixture to the exciton state is negligible. Additionally, the condition for the strong coupling 
regime in Equation 15 must be re-derived for the new interaction frequencies.   
 
With the modified interaction rates 3 2 1 211 5  and 3 8/ /. .MHz MHzΩ = Ω = , the interaction time 
needed was calculated to be 1 2.T ns= and a new minimum cavity Q about 11,000 is needed for 
the strong coupling to occur The enhanced rate due to the Purcell effect was ignored in 
calculating the new condition for the strong coupling regime due to the highly detuned photon 
energy (Ryu and Notomi 2003).The original L1 cavity with a Q of 12,000 resulting in a of Q of 
3,000 when it is switched can still be used. The new phase error is 0 003 0 0145 0 0175. . .ϕδ = + =  
or 1 75. %  using Equation 22.  
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This method affects both the phase error due to the switch and the one due to the escape time. The 
phase error can be further reduced at the expense of lower rates of rotation of the linear 
polarization, higher cavity Qs, and therefore higher dynamical Q-switching ranges.  
 
Polarizers could in theory be used within each arm of the switch to eliminate the relative phase 
error ϕδ . Using Equation 9 and Equation 10, the new relative phase can be expressed in the 
following form  
 ( )new Error ϕϕ ϕ ϕ ϕ δ ϕ= + = + ⋅  (23) 
 
Ignoring the general phase termθ , the X and Y components of the electric field vector can be 
rewritten including the phase error term Error ϕφ δ φ= ⋅ as shown below. 
 ( ) ( )( )cos sine x yϕ δφ ϕ δφ= + + +G  (24) 
Assuming 0 0175.ϕδ = (see above) and 2
πϕ =  (the electric field is pointing in the Y direction 
upon the completion of the SPFE), then 1.598 radϕ δφ+ = . If the Y-polarizer is utilized, the 
resulting attenuation due to the relative phase error is approximately 0.074% 
( ( ) 2cos 0.000739ϕ δφ+ = ) of the intensity, which corresponds to an efficiency of 99.92%.  This 
end result is significant and very promising for the realization of a quantum network based on this 
technology. 
 
Furthermore, other losses are also traditionally small. Chen et al calculated propagation losses in 
photonic crystals and found a decaying constant 10 05. cmβ −=  for the fundamental guided mode 
(propagating in the plane) in triangular lattice with air columns (Chen et al. 2005). This would 
correspond to an efficiency of 99.99% in term of propagation losses for small structures such as 
the SMZ interferometers (It is assumed that the probability for out-of-plane scattering is 
negligible). In addition, for the single qubit gates, highly efficient polarizing beam splitters can be 
used. For instance, Seunghyun Kim et al reported efficiencies above 99% for both TE and TM 
polarized light propagating through their photonic crystal based polarizing beam splitter (Kim et 
al. 2003). 
 
Finally, the error θδ  in the general phase θ  (see Equation 9 and Equation 10) and its effect on 
both the switch during the ON and OFF stages as well as the single qubit gates is investigated. 
The general phase can be understood as an effective path length difference between the two arms 
of the SMZ interferometer and cannot be corrected using a polarizer. It contributes to the 
insertion losses or attenuation when the switch is ON; whereas, it is responsible for some optical 
leakage when the switch is OFF.  Equation 25 below shows the expression for the general phase 
error. 
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 (25) 
If the cavity Q at the time of the switch is assumed to be as low as 1,000, the general phase error 
is 0 026 0 15 0 176. . .θδ = + =  (17 6. % ) for a detuning energy 75dE eVμ= , or 
0 003 0 0096 0 0126. . .θδ = + =  (1 26. % ) for a detuning energy 1dE meV= . Thus, if the switch is 
OFF and the detuning energy is 1dE meV= , then the general phase with the error is 
( ) 3 18 radθθ π δ π= + ⋅ = .  which means that 0.039% of the intensity goes through 
( 1 0 000391
2
cos( ) .θ+ = ) corresponding to a 34-dB extinction ratio. On the other hand, if the 
switch is ON ( ( )0 0 039. radθθ δ π= + ⋅ = ), 0.039% of the intensity is lost on account of the error 
in the general phase, resulting in an efficiency of 99.96%. This corresponds to an insertion loss of 
only -0.0017-dB. This general phase error also causes the linear polarization of a photon qubit to 
become somewhat elliptical following a single qubit operation. This effect is small and does not 
greatly affect the fidelity. 
 
5. Conclusion 
We have introduced a new concept for a SMZ interferometer, based on the single photon Faraday 
Effect, which can play a key role as a component for future quantum information devices or 
quantum networks. We demonstrated how the SMZ interferometer could be used as a switch to 
regulate the flow of quantum information both within a quantum computer and within a quantum 
communication system using a Wavelength-Division-Multiplexing scheme. In addition, we 
introduced cases where SMZ interferometers could also be used as single quantum gates such as 
the X, Z, and H gates. In comparison with other proposed realizations of quantum computing 
(nuclear spin, harmonic oscillator, superconductors, etc) this approach ranks second in term of the 
maximum number of operations with 810opn = operations, which is defined as decoherence time 
( 310− seconds) over the interaction time ( 1210− seconds) (Kroutvar et al. 2004) 
 
Acknowledgements 
We would like to acknowledge the support for this work from the National Science Foundation 
under grant number ECCS-0725514. 
 
References 
Andreani L C, Gerace D and Agio M (2005) Exciton-polaritons and nanoscale cavities in 
photonic crystal slabs Physica Status Solidi B-Basic Solid State Physics 242 2197-2209. 
Asano T, Song B-S, Akahane Y and Noda S (2006) Ultrahigh-Q Nanocavities in Two-
dimensional Photonic Crystal Slabs IEEE Journal of Selectred Topics In Quantum 
Electronics 12. 
Bennett C H, Brassard G, Crepeau C, Jozsa R, Peres A and Wootters W K (1993) Teleporting an 
Unknown Quantum State Via Dual Classical and Einstein-Podolsky-Rosen Channels 
Physical Review Letters 70 1895-1899. 
Bertocchi G, Alibart O, Ostrowsky D B, Tanzilli S and Baldi P (2006) Single-photon Sagnac 
interferometer Journal of Physics B-Atomic Molecular and Optical Physics 39 1011-
1016. 
Chen Q, Huang Y Z, Guo W H and Yu L J (2005) Calculation of propagation loss in photonic 
crystal waveguides by FDTD technique and Pade approximation Optics Communications 
248 309-315. 
Englund D, Faraon A, Zhang B, Yamamoto Y and Vuˇckovi´c J (2006) Generation and transfer 
of single photons on a photonic crystal chip Preprint quant-ph/0609053. 
Joannopoulos (1995) Photonic Crystals: Molding the Flow of Light, Princeton University Press. 
Khitrova G, Gibbs H M, Kira M, Koch S W and Scherer A (2006) Vacuum Rabi splitting in 
semiconductors Nature Physics 2 81-90. 
Kikkawa J M and Awschalom D D (1998) Resonant spin amplification in n-type GaAs Physical 
Review Letters 80 4313-4316. 
Kim S Y, Nordin G P, Cai J B and Jiang J H (2003) Ultracompact high-efficiency polarizing 
beam splitter with a hybrid photonic crystal and conventional waveguide structure Optics 
Letters 28 2384-2386. 
Knill E, Laflamme R and Milburn G J (2001) A scheme for efficient quantum computation with 
linear optics Nature 409 46-52. 
Kroutvar M, Ducommun Y, Heiss D, Bichler M, Schuh D, Abstreiter G and Finley J J (2004) 
Optically programmable electron spin memory using semiconductor quantum dots Nature 
432 81-84. 
Leuenberger M N, Flatte M E and Awschalom D D (2005) Teleportation of electronic many-qubit 
states encoded in the electron spin of quantum dots via single photons Physical Review 
Letters 94 -. 
Nielsen M A and Chuang I (2000) Quantum computation and quantum information, Cambridge 
Univ. Press. 
Ryu H Y and Notomi M (2003) Enhancement of spontaneous emission from the resonant modes 
of a photonic crystal slab single-defect cavity Optics Letters 28 2390-2392. 
Scully M O and Druhl K (1982) Quantum eraser - a proposed photon-correlation experiment 
concerning observation and delayed choice in quantum-mechanics Physical Review A 25 
2208-2213. 
Shimizu K and Imoto N (2000) Single-photon-interference communication equivalent to Bell-
state-basis cryptographic quantum communication Physical Review A 62 054303. 
Shirane M, Kono S, Ushida J, Ohkouchi S, Ikeda N, Sugimoto Y and Tomita A (2007) Mode 
identification of high-quality-factor single-defect nanocavities in quantum dot-embedded 
photonic crystals Journal of Applied Physics 101 -. 
Tanaka Y, Upham J, Nagashima T, Asano T, Sugiya T and Noda S (2007) Dynamic control of the 
Q factor in a photonic crystal nanocavity Nature materials. 
Wheeler J A and Zurek W H (1983) Quantum theory and measurement, Princeton, NJ, Princeton 
University Press. 
Wolf S A, Awschalom D D, Buhrman R A, Daughton J M, von Molnar S, Roukes M L, 
Chtchelkanova A Y and Treger D M (2001) Spintronics: a spin-based electronics vision 
for the future Science 294 1488-1495. 
Xiang G-Y, Li J and Guo G-C (2006) Interference of quantum channels in single photon 
interferometer Preprint  quant-ph/0607180. 
Young D K, Gupta J A, Johnston-Halperin E, Epstein R, Kato Y and Awschalom D D (2002) 
Optical, electrical and magnetic manipulation of spins in semiconductors Semiconductor 
Science and Technology 17 275-284. 
 
 
